By using the generalized beta function, we extend the fractional derivative operator of the Riemann-Liouville and discusses its properties. Moreover, we establish some relations to extended special functions of two and three variables via generating functions.
Introduction and preliminaries
The concept of extension of fractional operators attracts the attention of many researchers (see, [1] ). The present investigation was motivated by above mentioned works. We start from the Riemann-Liouville (RL) fractional derivative operator D µ z (the reader may check [16] and [4, respectively. Motivated by certain above recent extensions of the Euler's beta, Gauss's hypergeometric, and RL fractional derivative operator, we extend RL fractional derivative operator by introducing two additional parameters p and q in the integrand of (1.1). Moreover, we establish some relations to extended special functions of two and three variables of Appell and Lauricella hypergeometric functions via generating functions. It is expected that various other applications of extended RL fractional derivative operator (3.1) introduced here, can be useful in the field of applied mathematics and non-linear sciences (see, for details, [2, 5, 6, 9] ) and other related ones).
Extension of hypergeometric functions and integral representations
By making use of (1.4), we consider another extensions of Appell's and the Lauricella functions of two and three variables. Definition 2.1. The extension of the hypergeometric functions of two and three variables are defined as:
Remark 2.2. For p = q, the above definitions are similar to the ones in [10] and for p = 0 = q similar to [18] . Also, definition (2.1) is studied in [14] .
Theorem 2.3. The following result holds true for (2.1):
Proof. To prove this result, we start by assuming that
Applying the binomial series expansion for (1 − xt) −b and (1 − yt) −c and interchanging the order of summation and integration, we get
by applying (1.4) and (2.1), we get (2.4). 
Proof. We start by expanding (1 − xt − ys) −a ; we have
Using the series identity
Here, involving series and the integrals are convergent, then by interchanging the order of summation and integration, we obtain
by applying (1.4) and (2.2), we get (2.5).
Theorem 2.5. For (2.3) the following integral holds true
Proof. This proof looks similar to the one presented in Theorem 2.3.
Extension of RL fractional derivative operator
Now, we introduce new extension of the RL type fractional derivative operator.
Definition 3.1. The extended RL type fractional derivative operator is defined by
where (p) > 0, (q) > 0 and the path of integration is a line from 0 to z in the complex t-plane.
Clearly for p = q, (3.1) reduces to (1.3) and for p = 0 = q, we obtain its classical form (see, for details [4, 18, 19] ). Now, we establish some theorems involving the extended fractional derivatives.
Theorem 3.2.
The following representation for (3.1) is valid:
Proof. Using (3.1) and (1.4), we get
replacing t = uz, we have
By applying definition (1.4) we yield (3.2) directly. given by f(z) = ∞ n=0 a n z n (|z| < ρ) for some ρ ∈ R + . Then we have
Proof. We begin from Definition 3.1 to the function f(z) with its series expansion and we conclude
Since the series is uniformly convergent on any closed disk centered at the origin with its radius smaller than ρ, so does the series on the line segment from 0 to a fixed z for |z| < ρ. This fact guarantees term-by-term integration as follows:
So, the proof is completed.
Theorem 3.4.
The following result holds true:
Proof. Some direct calculations yield
Using (1.5) and after little simplification, we have the (3.3). In this way we finished the proof.
Theorem 3.5. The representation given below holds true:
, and | bz |< 1).
(3.4)
More generally, we have
D (λ, α, β, γ; η; az, bz, cz; p, q),
Proof. To prove (3.4), using the following power series expansion for (1 − az) −α and (1 − bz) −β
then applying Theorem 3.2, we conclude that
Now, applying (2.1), we obtain
Similarly, as in the proof of (3.4), taking the binomial theorem for (1 − az) −α , (1 − bz) −β , and (1 − cz) −γ , then applying Theorem 3.2 and (2.3) into account, one can easily prove (3.5). Therefore, we omit the proof.
Theorem 3.6. The representation written below holds true:
Proof. Applying (2.2) on the LHS of (3.6), we conclude
Using the power series expansion for (1 − z) −α−n , applying Theorem 3.2 and (2.2), we conclude that
This ends the proof.
Mellin transform representations
The double Mellin transforms [12, p. 293, Eq. 
Proof. Applying the definition (4.1) on (3.1), we get
This completes the proof.
Generating relations and further results
Here, we obtain some generating relations of linear and bilinear type for the extended hypergeometric functions.
Theorem 5.1. The below generating relation is valid:
Proof. Let us consider the series identity
Using the power series expansion, we have
By using the multiplication of both sides by x α−1 followed by applying the operator D α−β,p,q x , we conclude that
Again, by utilizing the interchange of the order, which holds true under the stated conditions, we conclude
Using Theorem 3.3, the result is reported.
Theorem 5.2. Following generating relation holds true:
Proof. To prove the above theorem we use the series identity
Using the series expansion to the left hand side, we have
After the multiplication of the both sides by x α−1 (1 − x) −ρ and by utilizing the operator D α−β,p,q x on both sides, we conclude
Again by changing the order, valid for (α) > 0 and | xt |<| 1 − t |, we end up with a conclusion that
Using Theorem 3.3, we obtain the required theorem.
Theorem 5.3. The following bilinear generating relation holds true:
Proof. Replacing t → (1 − y)t in Theorem 5.1, multiplying y γ−1 to the resulting equality and then using the operator D Once again we are allowed to interchange the order and we conclude that 
